Multilevel Approach for signal restoration problems with Toeplitz matrices
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Problem

Find x, given 4, b and the model
Ax = b
where b = b

Characteristics of the system :

+ e = Ax + e.

frue frue

e Very large and 11l - conditioned matrix
e ¢ 1s unknown (white) noise
e Decaying singular values without gap

e Singular vectors become more oscillatory

Background

Haar wavelet transform
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In waveletdomain Ax = b becomes
Ax = b
where A=WTAW, =W"x and b=WTb.
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Multilevel Method

Pre-smoothing

% =LSQR(A4,,b,,2 or 3)
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Post-smoothing
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function x' = MGM(A',b")

If coarsest grid

x" = Coarse - grid Correction(4',b")
Else
If non finest grid

True Signal x x' = Pre - smoothing

End If
=B A
by =W, r; A" =W, AW,

)’(‘:li+1 _ MGM(Ai+1,bi+1)

Wavelet coefficients X,

Computational Issues
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Theorem :

It A1s Toeplitz, then 1211 : 22 : 1213 and A , are Toeplitz.

Consequences : Fast matrix - vector products.

No need to compute 1211. explicitely.

Results

Righ-hand side b LSQR solution MGM solution

Our new multilevel method captures the edges from the original
signal. In contrast, the LSQR method returns smooth solutions.
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