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Heterogeneity and Present-Day Mantle

! Understand two separate but interrelated questions: 

What is the origin of heterogeneity? 

What do seismic anomalies mean?

[Torsvik et al., 2006]

 NEWS & VIEWS
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Neither recycled oceanic crust nor sediments alone can explain the composition of 
ocean-island basalts, but how about a mixture of the two? Recent modelling using the 
isotopes of hafnium and neodymium appears to support this contention.
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F or us, recycling involves great 
effort — sorting empty bottles, 
collecting old newspapers and 

taking the broken fridge to the recycling 
site. The Earth, however, can recycle its 
waste naturally. The Earth’s scum consists 
of ocean sediments and the rigid layer 
beneath composed of oceanic crust and 
the uppermost oceanic mantle. The 
movement of the tectonic plates ensures 
that this scum is efficiently disposed off at 
subduction zones where one plate dives 
beneath another, back into the deeper 
parts of the mantle. Within the mantle, 
these materials then get refashioned into 
several possible products: dead residues 
at the core–mantle boundary, enriched 
regions, or hot low-density plumes that 
rise through the mantle to melt and create 
new crust at ocean islands such as Hawaii 
or Samoa. The isotopic compositions of 
lavas that ooze from such ocean islands 
have long been thought to provide 
evidence of the recycling of subducted 
material into upwelling plumes1. On 
page 64 of this issue, Chauvel and co-
authors2  reproduce the hafnium and 
neodymium isotopic compositions of 
ocean-island basalts by simulating the 
mixing of ancient oceanic crust, as well 
as sediments, with the ambient mantle. 
Their results suggest that both subducted 
oceanic crust and sediments are important 
recycled components in the sources of 
ocean-island lavas.

In most of the Earth’s rocks, Hf and 
Nd isotopes co-vary in a predictable way: 
the 143 Nd/144Nd ratios of mantle-derived 
magmas and continental rocks, plotted 
against the ratios of 176Hf/177Hf, fall on 
a straight line, forming the so-called 
‘terrestrial array’3 . However, marine 

sediments are exceptional in this respect, 
as they have higher Hf ratios than other 
rocks at a given Nd ratio, the cause of 
which has been debated4,5 . Because of 
this, if only marine sediments were 
recycled into the mantle, the mantle Nd 
and Hf isotopic compositions would 
deviate from the terrestrial array. This 
would give a different signature to that 
typically found for ocean-island lavas. 
However, oceanic crust does not fit the 
bill as the source for ocean-island basalts 
either. Because of the way elements 
redistribute in the mantle during melting, 
the material that forms oceanic crust 
would evolve to give ocean- island basalts 
with Hf isotopic ratios that are relatively 
low at a given Nd ratio — that is, the plot 
would lie below the terrestrial array. Such 
arguments have been used as evidence 
against the recycling of ancient oceanic 
crust or sediment into the source of 
ocean-island volcanoes7.

Chauvel and co-authors propose 
a simple solution to this problem. If 
neither subducted oceanic crust nor 
marine sediment alone will generate 
compositions that plot on the terrestrial 

array as required, mixtures of the two 
perhaps would. To test this idea, they 
simulate the composition of subducted 
crust as a random mixture of oceanic 
basalt and sediment in different 
proportions and from different times in 
Earth’s history. The result is a band of 
compositions that mimics the terrestrial 
array, implying that both the oceanic 
crust and the pile of sediments that 
accumulates on top of it are subducted 
into the mantle. There, they remain 
together, but distinct, for billions of 
years. When they melt along with the 
surrounding mantle, they give rise to 
ocean-island lavas with the Nd and Hf 
isotopic composition required to explain 
the terrestrial array.

Models simulating the physical aspects 
of this process, although providing some 
support for the hypothesis, also pose 
some difficulties. Such models predict 
relatively high temperatures at the surface 
of subducting slabs, which may cause 
sediments to rise up to shallower levels 
before the slab sinks deep into the mantle8 . 
It is not clear, therefore, whether significant 
amounts of sediment can make their 
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Figure 1 Oceanic crust (black line) collects sediment as it travels from the mid-oceanic ridge (A). Upon subduction 
(B), the crust is recycled (C) and remixed into the mantle (D), and can be brought up passively at mid-oceanic 
ridges or through plumes (E) at ocean island hotspots. Chauvel and co-authors2 provide quantitative constraints 
on the relative amounts of sediment, oceanic crust and upper mantle that need to be mixed to explain the Hf–Nd 
terrestrial array. Image provided by J. P. Brandenburg and based on work in ref. 11.

[Brandenburg and van Keken, 2007]

Figure 1. Reconstructed locations of LIPs and active hotspots and their relationship to the African and Pacific 
LLSVPs identified by the 2% contour of VSxx.
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[Zhao et al., 1997]
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Heterogeneous Equilibria (i.e. Rocks!)

•Multi-phase assemblages determined by the equilibrium thermodynamics 
•Affects physical properties



CRUCIAL-Material Properties (equilibrium and transport)

2 Equations, models, coe�cients

2.1 Basic equations

ASPECT solves a system of equations in a d = 2- or d = 3-dimensional domain ⌦ that describes the motion
of a highly viscous fluid driven by di↵erences in the gravitational force due to a density that depends on the
temperature. In the following, we largely follow the exposition of this material in Schubert, Turcotte and
Olson [STO01].

Specifically, we consider the following set of equations for velocity u, pressure p and temperature T , as
well as a set of advected quantities ci that we call compositional fields :
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where "(u) = 1
2 (ru+ru

T ) is the symmetric gradient of the velocity (often called the strain rate).1

In this set of equations, (1) and (2) represent the compressible Stokes equations in which u = u(x, t) is
the velocity field and p = p(x, t) the pressure field. Both fields depend on space x and time t. Fluid flow is
driven by the gravity force that acts on the fluid and that is proportional to both the density of the fluid
and the strength of the gravitational pull.

Coupled to this Stokes system is equation (3) for the temperature field T = T (x, t) that contains heat
conduction terms as well as advection with the flow velocity u. The right hand side terms of this equation
correspond to

• internal heat production for example due to radioactive decay;

• friction heating;

• adiabatic compression of material;

• phase change.

The last term of the temperature equation corresponds to the latent heat generated or consumed in the
process of phase change of material. The latent heat release is proportional to changes in the fraction of
material X that has already undergone the phase transition (also called phase function) and the change of
entropy �S. This process applies both to solid-state phase transitions and to melting/solidification. Here,
�S is positive for exothermic phase transitions. As the phase of the material, for a given composition,

1There is no consensus in the sciences on the notation used for strain and strain rate. The symbols ", "̇, "(u), and "̇(u), can
all be found. In this manual, and in the code, we will consistently use " as an operator, i.e., the symbol is not used on its own
but only as applied to a field. In other words, if u is the velocity field, then "(u) = 1

2 (ru+ruT ) will denote the strain rate.

On the other hand, if d is the displacement field, then "(d) = 1
2 (rd+rdT ) will denote the strain.
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Governing Equations



Thermal Buoyancy

𝜌2 = 𝜌1 − 𝜌1𝛼(𝑇2 − 𝑇1)

𝛼 ≡ −
1
𝜌 ( 𝜕𝜌

𝜕𝑇 )
𝑃

= − ( 𝜕ln𝜌
𝜕𝑇 )

𝑃
= ( 𝜕ln𝑉

𝜕𝑇 )
𝑃

𝛼 > 0



What is the origin of heterogeneity? 

What do seismic anomalies mean? 

What effects on dynamics?

Lofty goals of HeFESTo



Convert Velocity to Density

[French and Romanowicz, 2015]



Compute Instantaneous Flow

[Conrad et al.,  2004]



Thermodynamic Model

• Bulk composition 
• Pressure 
• Temperature 

• Phase Equilibria 
• Physical Properties 
• Self consistent

Mg
Fe Si

AlCa
O

...

Bulk Composition 
X

Phase Equilibria

Physical Properties

P, T

ρ,α,CP,VP,VS,… (X,P,T)

Na

[Stixrude and Lithgow-Bertelloni, 2005; 2011]



HeFESTo
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• Based on Fundamental Thermodynamic Relations 
• Minimize Gibbs free energy over the amounts of all species 

ni 

• Subject to constraint of fixed bulk composition 

• Full Anisotropic Generalization 

• Many previous efforts, however 
Full self-consistency between phase equilibria and 
physical properties (not only one or the other) 
Anisotropic generalization and robust thermal 
extrapolation for shear properties
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HeFESTo

Perple_X

(https://github.com/stixrude/HeFESToRepository). 

https://github.com/stixrude/HeFESToRepository


LARS’ CIDER LECTURES

https://seismo.berkeley.edu/wiki_cider/Mineral_Physics 

Stixrude and Lithgow-Bertelloni, 2005 GJI 
Stixrude and Lithgow-Bertelloni, 2011 GJI

http://online.kitp.ucsb.edu/online/earth18/stixrude1/


First Law of Thermodynamics

𝑑𝑈 = 𝑇𝑑𝑆 − 𝑃𝑑𝑉 +
𝑁

∑
𝑖=1

𝜇𝑖𝑑𝑛𝑖
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𝜕𝑆 )
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𝜇𝑖 = ( 𝜕𝑈
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Pressure
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Euler Form

𝑈(𝜆𝑆, 𝜆𝑉 ) = 𝜆𝑈(𝑆, 𝑉 )

𝑈(𝑆, 𝑉 ) =
𝜕𝑈

𝜕(𝜆𝑆)
𝜕(𝜆𝑆)
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+
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𝜕(𝜆𝑉 )

𝜕(𝜆𝑉 )
𝜕𝜆

𝑈(𝑆, 𝑉, 𝑛𝑖) = 𝑇𝑆 − 𝑃𝑉 +
𝑁

∑
𝑖=1

𝜇𝑖𝑛𝑖



Fundamental Thermodynamic 
Relation

𝑈(𝑆, 𝑉, 𝑛𝑖) = 𝑇𝑆 − 𝑃𝑉 +
𝑁

∑
𝑖=1

𝜇𝑖𝑛𝑖

A single function that contains complete information 
of all properties of all equilibrium states of a system



Formulation

Euler Form 

Legendre Transform 

Anisotropic Generalization

U S,V,ni( )=TS−PV + µini
i=1

N

∑

F T,V,ni( )=U −TS= −PV + µini
i=1

N

∑

G T,P,ni( )= F +PV = µini
i=1

N

∑

F = F T,Eαβ ,ni( )
G =G T,σαβ ,ni( )



HeFESTo: Phase Equilibria

𝐺(𝑃, 𝑇, 𝑛𝑖) =
𝑠𝑝𝑒𝑐𝑖𝑒𝑠

∑
𝑖=1

𝑛𝑖{𝜇𝑖0(𝑃, 𝑇 ) + 𝑅𝑇 ln[𝑎𝑖(𝑃, 𝑇, 𝑛𝑖)]}

𝑟𝑖𝑗𝑛𝑗 = 𝑏𝑖

Minimize with respect to ni at fixed P, T

Subject to constant bulk composition



HeFESTo: Phase Equilibria

Amount of
Species

Bulk 
Composition

Stoichiometric
Coefficient

Matrix

r n b

𝐴𝜙 = min
𝑥𝑖 [

𝑠𝑝𝑒𝑐𝑖𝑒𝑠 𝜙

∑
𝑖=1

𝑥𝑖(𝜇𝑖 − 𝑟𝑖𝑗𝜀𝑗)] 𝑟′�𝑖𝑗𝜀𝑗 = 𝜇′�𝑖

Search over null space of the linear problem (SVD)

Check for phase addition based on chemical affinity



HeFESTo: Physical Properties

Data: Knittle and Jeanloz (1986) Science, Ross and Hazen (1989) PCM, Mao et al. (1991) JGR, 
Wang et al. (1994) PEPI, Utsumi et al. (1995) JGR, Funamori et al. (1996) JGR, Fiquet et al. 
(1998) GRL, Saxena et al. (1999) Am. Min.

𝐹 = 𝐹 (𝑉, 𝑇, 𝑛𝑖)

𝐹 = 𝐹 (𝑉 )

𝐹 = 𝑎𝑓2 + 𝑏𝑓3 + ⋯

𝑓 = 𝑓(𝑉 )

𝑎 = 9𝐾0𝑉0

Cold Part

Start from fundamental relation 
Helmholtz free energy 

Isotherm, fixed composition 

Taylor series expansion 
Expansion variable must be V or function of V 

Eulerian finite strain



HeFESTo: Physical Properties
Full

• V0 Volume: x-ray diffraction 
• K0, G0 Elastic moduli: Brillouin data, DFTheory 
• K0’, G0’ P-derivatives: Brillouin data, DFTheory 
• θ0 Debye temperature: calorimetry, phase equilibria 
• γ0 Grüneisen parameter: thermal expansion 
• q0 V-derivative of γ0: K(T) from Brillouin or DFTheory 
• ηS T-derivative of G: G(T) from Brillouin or DFTheory 
• F0 Reference free energy: phase equilibria 
• Landau terms: Vmax, Smax 



Parameters

c

[Stixrude & Lithgow-Bertelloni, 2011]



HeFESTo
Stixrude & Lithgow-Bertelloni (2005 JGR; 2005 GJI; 2011 GJI)

Irifune & Isshiki (1998)

Robie & 
Hemingway 
(1995)

Anderson & 
Isaak (1995)

Sen (1985); Irifune et al. (1986); Irifune (1987, 
1994); Klemme & O’Neill (2000)

Morishima et al. (1994); Suzuki et al. (2000); Fei et al. (2004); Yang & 
Ghose (1995); Boyd et al. (1964); Pacalo & Gasparik (1990); Presnall 
et al. (1998); Ita & Navrotsky (1985); Hirose et al. (2001); Woodland & 
Angel (1997); Bohlen et al. (1980); Akimoto & Syono (1970); Katsura 
et al. (1998); Yagi et al. (1987)𝐹(𝐸𝑖𝑗, 𝑇, →𝑛 )



Multiphase Mantle

[Stixrude and Lithgow-Bertelloni, 2012]

BASALT HARZBURGITE

PYROLITE-EQUILIBRIUM PYROLITE-MECHANICAL MIXTURE



HeFESTo

Perple_X

(https://github.com/stixrude/HeFESToRepository). 

https://github.com/stixrude/HeFESToRepository


Thermal expansivity

𝐺(𝑃, 𝑇, 𝑛𝑖) =
𝑠𝑝𝑒𝑐𝑖𝑒𝑠

∑
𝑖=1

𝑛𝑖𝜇𝑖

𝑉 = ( 𝜕𝐺
𝜕𝑃 )

𝑇,𝑛𝑖

=
𝑠𝑝𝑒𝑐𝑖𝑒𝑠

∑
𝑖=1

𝑛𝑖( 𝜕𝜇𝑖

𝜕𝑃 )
𝑇,𝑛𝑖

≡
𝑠𝑝𝑒𝑐𝑖𝑒𝑠

∑
𝑖=1

𝑛𝑖𝑉𝑖

𝛼 =
1
𝑉 ( 𝜕𝑉

𝜕𝑇 )
𝑃

=
1
𝑉

𝑠𝑝𝑒𝑐𝑖𝑒𝑠

∑
𝑖=1

𝑛𝑖( 𝜕𝑉𝑖

𝜕𝑇 )
𝑃

+ ( 𝜕𝑛𝑖

𝜕𝑇 )
𝑃
𝑉𝑖

Isomorphic

Metamorphic

[Stixrude & Lithgow-Bertelloni , 2007] EPSL



Thermal expansivity

𝛼 =
1
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∑
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𝑃
(

𝜕𝜇𝑗
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𝐻−1
𝑖𝑗 (

𝜕𝜇𝑗

𝜕𝑇 )
𝑃

𝐻𝑖𝑗 = ( 𝜕2𝐺
𝜕𝑛𝑖𝜕𝑛𝑗 )

𝑃,𝑇



Schematic

Δ
V

ΔT

𝛼 ≈
1
𝑉

∆ 𝑉
∆ 𝑇

= Γ
Δln𝑉

Δ𝑃

Clapeyron 
slope

Fractional volume 
(density) 
contrast

Width of 
transition



HeFESTo

Super-colossal negative thermal expansivity?



[Stixrude & Lithgow-Bertelloni, 2007]



[Christensen, 2005] AREPS

( 𝜕ln𝜌
𝜕𝑥 )

𝑃
= ( 𝜕ln𝜌

𝜕𝑇 )
𝑃
( 𝜕𝑇

𝜕𝑥 )
𝑃

= − 𝛼( 𝜕𝑇
𝜕𝑥 )

𝑃



Fukao (2009) AREPS



Thermal Expansivity
[THIS PHASE DIAGRAM IS UNPUBLISHED DO NOT USE!] 



Negative thermal expansion appears in heterogeneous 
systems 

May be super-colossal 

Tends to stabilize the mantle against convection 

Some Conclusions


