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Summary
We compute the sensitivity kernels of finite-frequency seismic observables to mantle
anisotropy using a combination of adjoint methods and spectral-element modeling of
wave propagation (section 1). Anisotropy is described by the 21 elastic parameters nat-
urally involved in asymptotic wave propagation in weakly anisotropic media (section 2).
The poster focuses on surface-wave and SKS-splitting observables (sections 3 and 4),
the two most popular data for studying mantle anisotropy. The results (figures 1-3) illus-
trate the complexity of wave propagation in anisotropic media and emphasize the impor-
tance of full waveform modeling to accurately capture the sensitivity of finite-frequency
data. The main characteristic of anisotropic sensitivity for both, surface waves and SKS
splitting, is a prominent directional dependence. These two observables however ‘sense’
the elastic structure of the mantle in very different ways (i.e. the elastic parameters that
are involved and the region that is sampled), in agreement with the poor correlation
usually observed between surface-wave and SKS-splitting studies. Detailed analyses
of surface-wave and body-wave anisotropic sensitivities are in Sieminski et al. (2007a,
2007b).

1 Sensitivity computation
The sensitivity kernel or the Fréchet derivative K(x) describes how a first-order pertur-
bation of a model parameter δm affects the seismic observable o formally written as

o =
∫
K(x)δm(x) dx3. (1)

In the adjoint approach, the sensitivity kernels are constructed step by step by the in-
stantaneous interaction bewteen the ’regular wavefield’ propagating from the source to
the receiver and the ’adjoint wavefield’ propagating from the receiver to the source. The
expression of the interaction field depends on the model parameter of interest and the
source of the adjoint wavefield which depends on the obvervable. For an observable o

expressed as
o =

∫
ψ(t)δs(t) dt (2)

with δs(t) the perturbation of the signal we are interested in, the adjoint-source time func-
tion is the function ψ(t) reversed in time. We compute the propagation of the wavefields
using a spectral-element method (SEM). The kernel computation based upon the ad-
joint spectral-element method is fully described in Tromp et al. (2005) and Liu & Tromp
(2006). The kernels in the poster have been computed in an isotropic 1D reference
model.

2 Anisotropic parameters
To describe the elastic properties of a medium, 21 parameters are needed in general.
We choose here the parameters naturally involved in the asymptotic description of wave
propagation (i.e., ray theory) in weakly anisotropic structures (e.g. Chen & Tromp 2007).
Each of the parameters listed in table 1 is an independent linear combination of the
components of the elastic tensor. In a (vertically) transversely isotropic medium, wave
propagation depends on the incidence angle relative to the (vertical) symmetry axis of
the medium. In a more general anisotropic medium, the propagation also depends on
the azimuth ξ (the parameters Ec and Es for example are associated to azimuthal vari-
ations of the wave speed in 4ξ). This directional dependence also strongly controls the
sensitivity at finite frequency.

0ξ A C N L F vertically transverse isotropy
1ξ Jc Js Kc Ks Mc Ms

azimuthal anisotropy
2ξ Bc Bs Hc Hs Gc Gs
3ξ Dc Ds
4ξ Ec Es

Table 1: The 21 elastic parameters controlling asymptotic propagation in weakly anisotropic structures.
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Figure 1: Adjoint sensitivity kernels of a fundamental-mode Rayleigh wave traveltime anomaly in the period range 100 s-
180 s for 13 anisotropic parameters (table 1). The epicentral distance is 120o and the source is located at 15 km depth. The
source (left side) and the receiver (right side) are represented by the small grey sphere and cube, respectively. The kernels are
displayed on a 2D-view at the depth of their maximum sensitivity. The top panel shows in black the vertical SEM displacement
for this source-receiver configuration and in red the time-variable filtered portion of this signal selected to calculate the adjoint
source.

3 Surface-wave traveltime observables
The common surface-wave observables extract the phase or time information from
the seismograms at different periods. An example is the cross-correlation traveltime
anomaly δT , which may be written

δT = −

1

N

∫
ṡ(t)δs(t) dt, (3)

where N is a normalization factor and ṡ(t) is the time derivative of s(t) the reference sig-
nal of interest. For the sensitivity kernels of figures 1 and 2, the signals s(t) (and so the
adjoint sources, eq. 2) are the time-variable filtered portion of the vertical displacement
corresponding to the fundamental-mode Rayleigh wave and the time-variable filtered
portion of the transverse displacement corresponding to the fundamental-mode Love
wave, respectively, at intermediate periods (the red signal in the top panel of figures 1
and 2).
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Figure 2: Same as figure 1 but for the fundamental-mode Love wave in the period range 100 s-180 s. Note that, similar to
the Rayleigh wave, the sensitivity covers large lateral areas, limited to shallow depths (<300 km depth at these intermediate
periods).

4 SKS-splitting observable
Because they travel through the liquid outer core, SKS waves are radially polarized in an
isotropic model. Any anisotropic perturbation between the core-mantle boundary and the
surface may ‘split’ the SKS waves (i.e. they will be decomposed into two orthogonally-
polarized S waves propagating at different speeds) and some signal will be observed on
the transverse component at the receiver. To exploit SKS splitting we can measure the
‘splitting intensity’ S (Chevrot 2000). This observable quantifies the perturbation of the
transverse signal δsT relative to the time-derivative of the radial signal ṡR and is related
to the usual splitting parameters (the time shift ∆T between the split waves and φ the
polarization of the fast wave relatively to the radial direction). The splitting intensity may
be expressed as

S = −

1

2
∆T sin 2φ = −

1

N

∫
ṡR(t)δsT(t) dt, (4)

with N a normalization factor. Note the similarity with the traveltime anomaly of eq. (3).
For the sensitivity kernels of the SKS-splitting intensity (figure 3), the adjoint source is
therefore computed from the SKS portion of the radial reference seismogram (eq. 2).

1100 1200 1300 1400 1500 1600 1700
−1

−0.5

0

0.5

1

1.5
x 10

−3

time [s]

ra
di

al
 c

om
p.

 [m
]

A/ρ                               C/ρ                                 N/ρ                                 L/ρ

F/ρ                                Js/ρ                                Ks/ρ                               Ms/ρ

 Bs/ρ                              Hs/ρ                                Gs/ρ                              Es/ρ

Ds/ρ

sensitivity (s3 km-5)

-2e-8                            0                            2e-8

Figure 3: Adjoint sensitivity kernels of the SKS-splitting intensity at a dominant period of 15 s for 13 of the density-
normalized anisotropic parameters (table 1). The epicentral distance is 105o. The kernels are displayed on a depth-section
from the core-mantle boundary to the surface beneath the receiver (the small grey sphere). The tick marks of the depth scale
are situated every 500 km from the core-mantle boundary to the surface (i.e., the first and second marks from the surface
are at 400 km and 900 km depth, respectively). The top panel shows in black the radial SEM displacement for this kernel
source-receiver configuration and in red the SKS portion of this signal selected to calculate the adjoint source.
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