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Plate boundaries deformations — up close ?

Different plate boundary environments have 

different geological structures ... 

On the global scale they are very narrow 

“linear” features

But these lines have an internal structure 

(distinctive geology)

The development of this structure probably 

influences the large-scale plate boundary 

geometry and properties.

2nd inv. of strain-rate does not show significant 

difference between different plate boundary 

types
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Depends upon stress orientation 
as well as magnitude
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Plate boundaries kinematics ?

Plate boundaries are systems with plenty of small scale physics going on

continuum codes need to use an appropriately scaled representation of the physics at the large scale.  

kinematics of plate boundary evolution is very well documented
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Lithospheric faults

Macro-scale faults are effective for accurate 

models of subduction zones

Asymmetry

Accurate trench topography

More plate-like surface deformation

5

Zhong, Gurnis



Anisotropic formulation
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Rather than constrain velocity directly, construct a  

rheology which produces a similar effect.

Oriented slip surface on a particle (small scale).           

Strong in the normal dir., weak in the tangential dir.

An ensemble of such particles can produce a 

macroscopic feature (fault).

Connections to multiscale methods. 

+ Include observed fabric and orientation into 

dynamic models where we know that information.

+ Easy to implement in a particle code.

!
!.
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A basic formulation for convection 
with various failure modes

Equation of motion for 

Viscoplastic behaviour

Constitutive laws for various yielding behaviours

“Granular” flow

Prescribed fault zone fabric

Anderson faulting behaviour

7



ui,i = 0

Governing Equations
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Momentum and Mass conservation

Energy conservation

Flow law 

C,t + uiC,i = 0

Material tracking

|D|

τ Viscoelastic
stress prediction

Plastic correction
to yield surface

Failure models

φt + uiφi = (κφi)i + Q

τij,j − p,i = ρ(φ, C, . . . )gi

τij

η
+ αΛijklτkl =

1
2

[
∂ui

∂xj
+

∂uj

∂xi

]



S̄ijklτkl = Dij

C̄ijklS̄ijklτkl = C̄ijklDkl C̄ijklS̄ijkl = δikδjl

τij = C̄ijklDkl

=
(
Cijkl + C′

ijkl

)
Dkl

Cijkl = 2η δikδjl

C′
ijkl = −βΠijkl

Compliance & Constitutive behaviour
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[Compliance equation or flow law](
Sijkl + S′

ijkl

)
τkl = Dij

isotropic anisotropic

isotropic

anisotropic



βΠijkl

Compliance & Constitutive behaviour
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τij = 2ηDij − βΠijklDkl [Constitutive equation]

= Tij − βΠijklDkl

How do we define the correction term              ??



f(τ ) < 0

T (I)
ij = 2η(I)D(I)

ij

Yielding
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Start with a yield criterion and develop a constitutive model with the smallest number of free 

parameters which we can vary to ensure the yield criterion can be satisfied. 

OR

Try to find a flow rule which matches the observed deformation pattern & which can be used in 

conjunction with the rest of the convection formulation

τij = Tij − βΠijklDkl

|D|

τ Viscoelastic
stress prediction

Plastic correction
to yield surface

Stress prediction

Process is nonlinear



Standard viscous / viscoplastic behaviour

|τ |− p tanϕ− C ≤ 0

Drucker-Prager yield criterion 
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τij = 2ηDij + 2(η′ − η)Dij

η′(I) =
tan ϕp(I) + C
2|D(I)|



Standard viscous / viscoplastic behaviour

τs − σn tanϕ− C ≤ 0 σn = niτijnj + p τs = siτijnj

τij = 2ηDij + 2(η′ − η)ΠijklDkl

Yield criterion for an individual fault fragment 

13
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η′(I) =
tan ϕ(2ηD(I)

nn + p(I)) + C
2D(I)

ns

Πijkl = −2ninjnknl+

(ninkδlj + njnkδil + ninlδkj + njnlδik+) /2
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Standard viscous constitutive law

θ = ±12 arctan(
1

tan ϕ
)

Anderson faulting model
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σ1

σ3

θ

η′(I) =
tan ϕ(2ηD(I)

nn + p(I)) + C
2D(I)

ns

τij = 2ηDij + 2(η′ − η)ΠijklDkl

τs − σn tanϕ− C ≤ 0

As before but this time the orientation is 

determined locally by the ambient stress 

tensor
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Example (1): Extension
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Ridge

Viscous

Anisotropic 

Louis



Example (1): Extension
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Example (2): Shear
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Transform

Viscous

Anisotropic

Louis



Example (2): Shear
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Transform

Example (2): Shear

Louis



Example (3): Subduction
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Trench

Buoyant arc:          Anisotropic, fixed orientation (red)

Overriding plate:   Strong viscous (brown)
Upper layer:          Visco-plastic (yellow)
Core:                    Viscous (green)
Lower layer:          Visco-plastic (blue)

Wendy Sharples



Example (3): Subduction

20

Trench

Wendy Sharples



Numerical Realisation
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Standard mixed Finite Elements used to obtain 

the velocity and pressure solution.

Inherits robustness, versatility of FEM 

Admits general constitutive relations

Lagrangian reference frame for:

Compositional tracking

Stress- history tensor

Plastic strain history ( scalar / tensorial )

Material orientation ( anisotropy )

In the style of the Material Point Method
   “Fixed mesh with moving particles”

This is the approach adopted in Underworld
www.mcc.monash.edu.au



Material Point Method
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KE =
∫

ΩE
BT(x)C(x)B(x)dΩ

KE = ∑
p
wpBTp (xp)Cp(xp)Bp(xp)

Lagrangian points coincide with the quadrature points 
used to evaluate the weak form 
- quadrature weights are defined locally 
over each element.
- weights are given by an approximate voronoi diagram.

The connection between the FE formulation and the Lagrangian 
points is via evaluation of the weak form.

The constitutive behaviour is associated with each particle “p” and is 
thus naturally incorporated into the quadrature.



Material Point Method
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KE =
∫

ΩE
BT(x)C(x)B(x)dΩ

KE = ∑
p
wpBTp (xp)Cp(xp)Bp(xp)

Lagrangian points coincide with the quadrature points 
used to evaluate the weak form 
- quadrature weights are defined locally 
over each element.
- weights are given by an approximate voronoi diagram.

The connection between the FE formulation and the Lagrangian 
points is via evaluation of the weak form.

The constitutive behaviour is associated with each particle “p” and is 
thus naturally incorporated into the quadrature.

The discrete form of the momentum and continuity generated by the FEM 
may be expressed as (

K G
GT 0

) (
u
p

)
=

(
f
h

)
The MPM formulation provided the means to discretize the Stokes flow.
But the issue of obtaining the flow field (u,p) is now a linear algebra problem...



Iterative solution techniques for Stokes’ flow

The ideal approach should be optimal in the sense that the convergence rate of method will 

be bounded independently of 

any discretisation parameters (Example; grid resolution)

the constitutive parameters (Example; smoothly varying viscosity vs. discontinuous viscosity)

the constitutive behaviour (Example; isotropic vs. anisotropic)
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are typically happy with only satisfying the first requirement!!
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This is a very challenging set of requirements. In many fields, people 
are typically happy with only satisfying the first requirement!!

Our approach decouples the velocity and pressure unknowns. We solve

Sp = GT K
−1f − h, where S = GT K−1G

for pressure using an (outer) iterative method. This requires the operation,
y = Sx

u∗ ≈ K−1f∗

S is defined in a matrix-free sense (i.e. not explicitly formed). The action of the inverse of K 

applied to vector necessitates another (inner) iterative method to define;
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This is a very challenging set of requirements. In many fields, people 
are typically happy with only satisfying the first requirement!!

Our approach decouples the velocity and pressure unknowns. We solve

Sp = GT K
−1f − h, where S = GT K−1G

for pressure using an (outer) iterative method. This requires the operation,
y = Sx

u∗ ≈ K−1f∗

S is defined in a matrix-free sense (i.e. not explicitly formed). The action of the inverse of K 

applied to vector necessitates another (inner) iterative method to define;

EFFECTIVE PRECONDITIONERS 
FOR  S  ARE REQUIRED



Schur complement preconditioners

24

, we letGiven S = GT K−1G

then an approximate Schur complement is 

       (explicit)

Kd = diag (K) ,

Ŝ = GT K−1
d G.

Simple diagonal approximation to S
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then an approximate Schur complement is 

       (explicit)

Kd = diag (K) ,

Ŝ = GT K−1
d G.

We will use            as a reference preconditioner in our comparisons.Ŝ−1
d

Preconditioning requires us to define the operation

This can be given via a factorisation such as Incomplete Cholesky, ICC(k)

Ŝd = diag
(
GT K−1

d G
)The choice

is often made. The mantle convection code CITCOM is one example.

y = Ŝ−1x.

Simple diagonal approximation to S



Schur complement preconditioners

24

, we letGiven S = GT K−1G

then an approximate Schur complement is 

       (explicit)

Kd = diag (K) ,

Ŝ = GT K−1
d G.

We will use            as a reference preconditioner in our comparisons.Ŝ−1
d

Preconditioning requires us to define the operation

This can be given via a factorisation such as Incomplete Cholesky, ICC(k)

Ŝd = diag
(
GT K−1

d G
)The choice

is often made. The mantle convection code CITCOM is one example.

y = Ŝ−1x.

Simple diagonal approximation to S

Observation: We don’t anticipate the diagonal preconditioner to be 
spectacular since it ignores ALL the coupling in the K block. 



Approximate Commutator

25

Consider using commutators to construct an approximation for S, 
as is done in: Kay, et. al, SIAM J. Sci. Comput., 24 (2002)

For isoviscous Stokes, the commutator relation used is;
Z̄ =

(
η∇2

)∇−∇ (
η∇2

)
= 0



Approximate Commutator

25

Consider using commutators to construct an approximation for S, 
as is done in: Kay, et. al, SIAM J. Sci. Comput., 24 (2002)

For isoviscous Stokes, the commutator relation used is;
Z̄ =

(
η∇2

)∇−∇ (
η∇2

)
= 0

Z = KG−GKp ≈ 0 Elman, et. al, SIAM J. Sci. Comput., 27 (2006)

For variable viscosity the continuous operators will not commutator.
Instead we focus on the discrete commutator



Approximate Commutator

25

Consider using commutators to construct an approximation for S, 
as is done in: Kay, et. al, SIAM J. Sci. Comput., 24 (2002)

For isoviscous Stokes, the commutator relation used is;
Z̄ =

(
η∇2

)∇−∇ (
η∇2

)
= 0

Z = KG−GKp ≈ 0 Elman, et. al, SIAM J. Sci. Comput., 27 (2006)

For variable viscosity the continuous operators will not commutator.
Instead we focus on the discrete commutator

Kp =
(
GT G

)−1
GT KG

Ŝb =
(
GT G

)
Kp

Minimise via the normal equation to give

Assuming Z = 0, we can define 



Approximate Commutator

26

Ŝ−1
b = K−1

p

(
GT G

)−1

=
(
GT G

)−1
GT KG

(
GT G

)−1

This leads to the preconditioner

which is the BFBt preconditioner from; Elman, SIAM J. Sci. Comput., 17 (1996)



Approximate Commutator

26

+ No inversion of K required
+ Coupling in K preserved
- Two Poisson solves required
+ Most problems require low
precision Poisson solves

Ŝ−1
b = K−1

p

(
GT G

)−1

=
(
GT G

)−1
GT KG

(
GT G

)−1

This leads to the preconditioner

which is the BFBt preconditioner from; Elman, SIAM J. Sci. Comput., 17 (1996)



Approximate Commutator

26

+ No inversion of K required
+ Coupling in K preserved
- Two Poisson solves required
+ Most problems require low
precision Poisson solves

Ŝ−1
b = K−1

p

(
GT G

)−1

=
(
GT G

)−1
GT KG

(
GT G

)−1

This leads to the preconditioner

which is the BFBt preconditioner from; Elman, SIAM J. Sci. Comput., 17 (1996)

We let both               be diagonal matrices and aim to enforce;

For finite elements, the assumption Z ~ 0, is not automatically enforced. 
Scaling of the operators K and G is essential to reduce |Z|.  

X1, X2

Ks ∼ I =⇒ X−1
1 KX−T

1 ∼ I

GT
s Gs ∼ I =⇒ GT

(
X−T

1 X−1
1

)
G ∼ X2X

T
2

(
X1 0
0 X2

)−1 (
K G
GT 0

) (
X1 0
0 X2

)−T

=
(

Ks Gs

GT
s 0

)



∆η = 10

∆η = 104

∆η = 106

∆η = 108

Effect of the scaling, X

27

Scaling becomes more important as 
the viscosity contrast increases.



Prototypical Geodynamic Simulations
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Element resolutions = 
{

1
32 , 1

64 , 1
128 , 1

256

}
Viscosity contrasts = 

{
10, 103, 106, 108

}

Exponentially varying with depth
                  “Exp(y)”

Step function in x
       “Step(x)”

Step function in x & y
    “Viscous sinker”

As a starting point we only consider isotropic constitutive laws.

Defined by single parameter, fluid viscosity eta.

Only consider requirements 1 and 2
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Lateral

“Step(x)” “Viscous sinker”“Exp(y)”

CPU Speed Up



at an angle θ from the direction of shear flow. The weak layer mimics a shear band and685

has a viscosity η = 1 and thickness δb. The model setup is depicted in figure 8. Both686

the background and the weak layer have a density ρ = 0. The lateral boundaries are687

prescribed to be periodic.

Fig. 8. Layered viscosity model setup. The model has periodic side boundaries, and is driven
by a simple shear flow which is generated by applying the following velocity boundary con-
ditions; u = (−1

2 , 0) along the top surface and u = (1
2 , 0) along the bottom surface. The box

dimensions used were Lx = 1 and Ly = 1.
688

We compare using SCR(FG, Ŝ−1
sb ) with SCR(CG, Ŝ−1

4 ) applied to the layered viscosity689

model. For these experiments we used ∆η = {10, 104, 108} and δb = {1
8 ,

1
64}. Rather690

than evolve the layered structure through time, we focus on the set of orientations,691

θ = {67.5◦, 45◦, 22.5◦, 0◦,−22.5◦,−45◦,−67.5◦}. We prescribe three weak bands within692

the domain. Due to the periodicity these appear as six bands when θ = ±45◦ . The693

element resolution used was 256 × 256 elements, which corresponds to approximately694

32 and 4 elements across the shear band for the two values of δb considered. The BFBt695

preconditioner used L−1
p = [CG, ICC(0)(Lp), 10−6] and in both SCR solvers, we used696

K−1 = LU(K). We used the initial guess u = 0 and p = 0 and iterated on the Schur697

complement system until the preconditioned relative residual satisfied was < 10−5. The698

number of iterations required for convergence for the layered viscosity experiments are699

tabulated in 8. For this suite of problems we limited the maximum number of outer700

iterations to 5000.701

From table 8 we observe that the layered viscosity is a challenging problem for SCR(CG,702

Ŝ−1
4 ). As in the previous experiments conducted in §4.2, the convergence rate of this703

solver exhibits a very strong dependence on the viscosity contrast. The convergence704

rate is also affected by the thickness of the layer δb, with the thinner bands models705

requiring more iterations to reach convergence. In several cases this solver failed to706

converge in the maximum allowable number of iterations. The SCR(FG, Ŝ−1
sb ) solver707

converged for all choices of δb and ∆η. In all models in which |θ| ≤ 45◦, convergence708

rates almost independent of ∆η were obtained. It is interesting to note that in nearly709

every experiment considered, the iterations decreased with increasing viscosity con-710

trast, independent of the orientation. The results obtained from using SCR(FG, Ŝ−1
sb )711

show that the convergence is not strongly dependent on either ∆η or the orientation712

θ provided that |θ| ≤ 45. The convergence rate is shown to be sensitive to the vis-713

cosity contrast when the weak inclusions are thick (δb = 1/8), and the angle is large714

30

Applications: Localisation

33

BFBt

Toy problem 
Simple shear boundary conditions
Lx = Ly = 1
Band thickness: 1/64
Element resolution: 256 x 256

(|θ| > 45◦).

Iterations δb = 1/8 δb = 1/64

SCR(CG,Ŝ−1
4 ) ∆η = 10 104 108 10 104 108

θ = 67.5◦ - - - 321 3193 > 5000

θ = 45◦ 364 1129 3567 317 1490 > 5000

θ = 22.5◦ 322 1139 3373 310 1457 4402

θ = 0◦ 274 669 2103 352 1010 2896

θ = −22.5◦ 327 1021 3373 388 1495 4912

θ = −45◦ 366 1096 4278 316 1324 > 5000

θ = −67.5◦ - - - 339 3083 > 5000

SCR(FG,Ŝ−1
sb ) ∆η = 10 104 108 10 104 108

θ = 67.5◦ - - - 42 59 19

θ = 45◦ 22 20 18 29 24 19

θ = 22.5◦ 21 18 19 28 21 18

θ = 0◦ 21 16 17 27 19 17

θ = −22.5◦ 21 18 19 28 22 19

θ = −45◦ 22 20 18 29 24 18

θ = −67.5◦ - - - 43 60 19
Table 8
Iterations required for convergence for the solver configurations SCR(CG, Ŝ−1

4 ) (top) and
SCR(FG, Ŝ−1

sb ) (bottom) when applied to the layered viscosity model set. We omitted using
the angle |θ| = 67.5◦ when δb = 1

8 as at this orientation the entire domain was filled with
weak material.

715

4.7 Subduction716

To further demonstrate the effectiveness of the SCR(FG, Ŝ−1
sb ) solver, we consider a717

more relevant geodynamic simulation which is used to study the evolution of a sub-718

ducting slab. The specific model setup is defined in OzBench et al. (2008). The models719

consists of a plate with a layered lithospheric structure initially floating on top of an720

isoviscous mantle. The plate is comprised of a strong purely viscous core, sandwiched721

between an upper and lower viscoplastic (Von Mises) layer. The maximum viscosity722

contrast occurs across the outer layers of the slab and background mantle to give723

∆η ∼ 102. Symmetry boundary conditions are used on one wall so that only half of the724

slab is required to be modelled. The slab is not attached to any wall and is thus free725

to rollback and completely subduct. Subduction is initiated by perturbing one edge726
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4 ) ∆η = 10 104 108 10 104 108

θ = 67.5◦ - - - 321 3193 > 5000

θ = 45◦ 364 1129 3567 317 1490 > 5000

θ = 22.5◦ 322 1139 3373 310 1457 4402

θ = 0◦ 274 669 2103 352 1010 2896

θ = −22.5◦ 327 1021 3373 388 1495 4912

θ = −45◦ 366 1096 4278 316 1324 > 5000

θ = −67.5◦ - - - 339 3083 > 5000

SCR(FG,Ŝ−1
sb ) ∆η = 10 104 108 10 104 108

θ = 67.5◦ - - - 42 59 19

θ = 45◦ 22 20 18 29 24 19

θ = 22.5◦ 21 18 19 28 21 18

θ = 0◦ 21 16 17 27 19 17

θ = −22.5◦ 21 18 19 28 22 19

θ = −45◦ 22 20 18 29 24 18

θ = −67.5◦ - - - 43 60 19
Table 8
Iterations required for convergence for the solver configurations SCR(CG, Ŝ−1
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at an angle θ from the direction of shear flow. The weak layer mimics a shear band and685

has a viscosity η = 1 and thickness δb. The model setup is depicted in figure 8. Both686

the background and the weak layer have a density ρ = 0. The lateral boundaries are687

prescribed to be periodic.

Fig. 8. Layered viscosity model setup. The model has periodic side boundaries, and is driven
by a simple shear flow which is generated by applying the following velocity boundary con-
ditions; u = (−1

2 , 0) along the top surface and u = (1
2 , 0) along the bottom surface. The box

dimensions used were Lx = 1 and Ly = 1.
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4 ) ∆η = 10 104 108 10 104 108

θ = 67.5◦ - - - 321 3193 > 5000

θ = 45◦ 364 1129 3567 317 1490 > 5000

θ = 22.5◦ 322 1139 3373 310 1457 4402

θ = 0◦ 274 669 2103 352 1010 2896

θ = −22.5◦ 327 1021 3373 388 1495 4912

θ = −45◦ 366 1096 4278 316 1324 > 5000

θ = −67.5◦ - - - 339 3083 > 5000

SCR(FG,Ŝ−1
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of the slab such that it penetrates the upper mantle. The geometry is illustrated in727

the upper right corner of figure 9. This model was performed with grid consisting of728

128× 64× 128 elements.729

For each application of the BFBt preconditioner to be efficient in 3D, we defined L̂−1
p730

using the algebraic multigrid package ML distributed as part of the Trilinos library731

(Heroux et al., 2005). On each multigrid level we used ICC(0), and specified that the732

coarse grid problem be solved via Cholesky factorization. We define each application733

of L̂−1
p to perform one V-cycle. Within the SCR definition, we defined K−1 to given by734

FGMRES preconditioned via a geometric multigrid (GMG). The restriction operators735

used for the GMG were given by RIj = NI(xj) where NI is the coarse grid velocity basis736

function and xj is the coordinate of the fine grid node. We used Galerkin coarse grid737

operators Kc in which Kc = RKfP , where P = RT and Kf is the fine grid operator.738

On each GMG level, 2 sweeps of block SOR were performed. Each block corresponds739

to the diagonal portion of the matrix which is locally owned by the current processor.740

Block SOR is used as PETSc does not support fully parallel SOR. To complete the741

definition of the GMG preconditioner, we stipulate that each application of K̂−1 will742

perform one V-cycle. This simulation was computed on 16 CPU’s each consisting of a743

Dual-Core, 64-bit AMD Opteron, running at 2.8 Ghz.
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Fig. 9. Convergence history of SCR(CG, Ŝ−1
4 ) (solid line) compared to SCR(FG, Ŝ−1

sb ) (dashed
line) when applied to a subduction model. The initial slab geometry is shown in the top right
hand corner.

744

The residual history is shown in figure 9 for the first time step of this simulations.745

Both solvers exhibited similar convergence behavior for subsequent time steps. In this746

simulation, we terminated the iterations when the preconditioned relative residual was747

< 10−5. The residual histories for the slab model exhibit similar characteristics to748

the SolCx and Sinker experiments from figures 3 and 4. In particular we note that749

both initially, both methods converge at the same rate for a period, and then rate of750

residual reduction by the reference solver begins to decreases. The Schur complement751
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Take one of Dave Stegmans slabs... [Stegman etal. PEPI, In review (2008)]
Rheological layering within the plate 
3 layers: viscoplastic - viscous - viscoplastic sandwich
Maximum viscosity contrast is ~ 100

K solve: FGMRES/GMG
Lp solve: CG/ML
Fully parallel

Initial condition
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CG+diag(S)FGMRES+BFBt

Similar convergence
rates up to here

BFBt continues to converge 
at same rate.

Diagonal preconditioner stagnates.

Speedup factor obtained 
using BFBt was 9.4



Summary
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We considered two avenues to advance the numerical modelling of mantle 

convection/plate boundary

1) Rheology

2) Preconditioners

The anisotropic rheologies being investigated are starting to 
produce promising looking fault structures.  More research 
is required to fully understand their behaviour and their use 
in representation plate boundaries. 

The scaled BFBt preconditioner has proven to be an effective 
technique to solve discrete Stokes’ problems relevant to 
geodynamics.

Whilst it is not optimal for all experiments, the new approach 
is significantly faster and more robust than the commonly 
used diagonal approximation.



THANKS
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Questions?


